We investigated the form factors of the Bc meson into P -wave orbitally excited charmonium using the nonrelativistic QCD effective theory. Through the analytic computation, the next-to-leading order relativistic corrections to the form factors were obtained, and the asymptotic expressions were studied in the infinite bottom quark mass limit. Employing the general form factors, we discussed the exclusive decays of the Bc meson into P -wave orbitally excited charmonium and a light meson. We found that the relativistic corrections lead to a large correction for the form factors, which makes the branching ratios of the decay channels B(B ± c → χcJ (hc) + π ± (K ± )) larger. These results are useful for the phenomenological analysis of the Bc meson decays into P -wave charmonium, which shall be tested in the LHCb experiments.
I. INTRODUCTION
The B c meson is composed of two different heavy flavors, which has attracted more attentions from both the theoretical and experimental aspects in recent years. Because two different heavy quarks are hard to produce with a strong coupling suppressed factor α 2 s in the electropositron collider, the precisely studies of the B c meson properties have to refer to hadron-hadron colliders, exemplified by the discovery of the B c meson in the Tevatron [1] .
The cross section of the B c meson at the Large Hadron Collider (LHC) is expected at the level of dozens of nb [2] , so a large number of the B c meson events can be produced and reconstructed at the LHCb experiments. LHC provides a solid platform to precisely investigate the production and decay properties of the B c meson. Through the precise analysis of the production and decay events, one can obtain more information on the hadronization mechanism of the heavy quarkonium and B c meson, and also test the nonrelativistic QCD (NRQCD) effective theory [3] .
In literatures, the B c meson spectra are calculated in the framework of the QCD-motivated relativistic quark model based on the quasi-potential approach [4] , where many higher excited states with different spin, orbital and radial quantum numbers were predicted. An excited state with the mass of 6842±4±5 MeV has been observed by the ATLAS Collaboration recently [5] , which can be regarded as the possible candidate of the B c (2S) state. * Electronic address: rlzhu@njnu.edu.cn
From a theoretical point of view, the form factors of the B c meson into a charmonium have been investigated in many works. Some schemes are employed such as the perturbative QCD (PQCD) approach [6] [7] [8] [9] , QCD sum rules (QCD SR) [10] [11] [12] [13] , Light-cone sum rules (LCSR) [14] , the relativistic quark model (RQM) [15] [16] [17] [18] , the nonrelativistic constituent quark model (NCQM) [19] , the light-front quark model (LFQM) [20] [21] [22] , NRQCD approach [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] . It is realized that the decay rates of B c exclusive decays to a charmonium and a light meson such as B c → J/ψ + π and B c → J/ψ + K depend mainly on the form factors at the maximum momentum recoil point. The careful investigation of the form factors is important to precisely predict these decay rates. In NRQCD approach, the relativistic corrections to the form factors of the B c meson into S-wave charmonium have been computed in Ref. [32] , where the relativistic corrections can bring about additional 15%-30% contributions and thus can not be ignored. However, the relativistic corrections to the form factors of the B c meson into P -wave charmonium have not been studied yet.
On the other hand, the first evidence for the B c meson decays into P -wave charmonium was observed by the LHCb Collaboration in 2016 [33] . Through the analysis of B + c → K + K − π + decays with the data corresponding to an integrated luminosity of 3 fb −1 collected in pp collisions at centre-of-mass energies of 7 TeV and 8 TeV, the LHCb Collaboration have found the evidence for the decay B + c → χ c0 π + at a significance of 4 standard deviations. Along with the accumulation of data at LHC, the experimental studies of the B c meson decays into Pwave charmonium will become accessible. Future measurements in these experiments will definitely improve the degree of accuracy of the form factors of the B c meson into P -wave charmonium.
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There are also some works on the relativistic corrections to the light cone distribution amplitudes of the B c meson [34, 35] . The recent works on the B c two-body and quasi-two-body decays can be found in Refs. [36] [37] [38] [39] [40] [41] . In this paper, we will calculate the relativistic corrections to the form factors of the B c meson decays into P -wave charmonia, i.e. h c and χ cJ with J = 0, 1, 2. Then we will employ the form factors into the phenomenological analysis of the exclusive B c two-body decays.
The paper is organized as the following. In Sec. II, we will give the formulae for the form factors of B c into P -wave charmonium. In Sec. III, we will give the analytic expressions of the relativistic corrections to the form factors of B c into P -wave charmonium. Then the form factors will be investigated in the heavy bottom quark limit. In Sec. IV, we will give the branching ratios of B c → h c + π, B c → h c + K, B c → χ cJ + π, and B c → χ cJ + K. We will summarize and conclude in the end.
II. FORM FACTORS OF Bc INTO P -WAVE CHARMONIUM A. NRQCD effective theory
The NRQCD Lagrangian is written as [3] :
where the Lagrangian for the light quarks and gluons is denoted as L light , which is identical to the related Lagrangian in QCD. m Q is the heavy quark mass. The coefficients c D , c F , and c S can be perturbatively calculated through the matching techniques between NRQCD and QCD.
The NRQCD effective theory has been established for a long time by Bodwin, Braaten, and Lepage [3] , and has successfully achieved the factorization formulae for the heavy quarkonium in many production and decay processes. However, the precise calculation of the shortdistance coefficients of the NRQCD long-distance matrix elements (LDMEs) in these processes is still a challenging topic.
In NRQCD effective theory, the decay width (cross section) of a heavy quarkonium H is generally factorized as [3] 
where H|O n (µ)|H and 0|O H n (µ)|0 are the NRQCD LDMEs, which involve nonperturbative information below the scale m Q . The short-distance coefficients C n (µ) include the effects of order m Q or larger. The NRQCD operators O n (µ) annihilate a heavy quark-antiquark pair, while O H n (µ) generate a a heavy quark-antiquark pair. The leading order NRQCD decay operators for S-wave heavy quarkonium can be written as
The leading order NRQCD production operators for P -wave quarkonium are
B. Covariant projection method
The B c meson has two different heavy flavors, thus we introduce two heavy quarks Q and Q . And the heavy quarkonium can be described when Q = Q. Let p 1 and p 2 represent the momenta for the heavy quark Q and anti-quarkQ , respectively. The momenta can be decomposed as
where P H = p 1 +p 2 being the heavy quarkonium momentum, k being a half of the relative momentum between the quark pair, and α + β = 1.
In the rest frame of the heavy quarkonium H, the explicit expressions are
where the heavy quark on-shell conditions being
with the heavy quark masses m 1 and
, and β = 1 − α. The Dirac spinors for the heavy quark Q and antiquarkQ are
The short-distance coefficients of NRQCD LDMEs will be obtained in principle through the matching techniques. For a certain process, one usually extract the short-distance coefficients using the covariant projection method. The corresponding projection operators are
where
For the spin-singlet combination, we have the spin S = 0 and Γ S=0 = γ 5 . For the spin-triplet combination, we have the spin S = 1 and
In the nonrelativistic bound-state picture, the heavy quarkonium can be described by the nonrelativistic wave function. For P -wave charmonium, one has to expand the amplitude to the first order in k. Thus the amplitude can be obtained by [42] 
After integrating the zero-component k 0 of the momentum, the integral is proportional to the derivative of the radial wave function at the origin
where the derivative of the radial wave function at the origin can be related to the derivative of wave functions at the origin of P -wave charmonia by
C. Form factors P -wave orbitally excited charmonia include the spinsinglet h c ( 1 P 1 ), the scalar χ c0 ( 3 P 0 ), the axial-vector meson χ c1 ( 3 P 1 ), and the tensor meson χ c2 ( 3 P 2 ). Thus the form factors of the B c meson into P -wave orbitally excited charmonium can be defined accordingly.
The form factors of the B c meson into h c (
where the momentum transfer is defined as q = P − p with the B c meson momentum P and the final charmonium momentum p. The polarization vector or tensor of the final charmonium is denoted as ε * . There are only two form factors for the B c meson into the scalar meson, which are defined as
The form factors for the B c meson into the axial-vector meson can be written as
The form factors for the B c meson into the tensor meson can be written as
The above definitions of the form factors bring about two benefits. On the one hand, the decay amplitudes can be described according to these form factors and then become simple. On the other hand, the form factors in the above formulae are dimensionless parameters, which have more wide utilizations in different processes.
The polarization summation for the 3 P J states are
where ε *
is the polarization tensor for the spin-2 system with ε * αβ (p H , J z )p H,β = 0 which is symmetric under the exchange α ↔ β.
The five components (J z = 0, ±1, ±2) of the spin-2 polarization tensor for the χ c2 ( 3 P 2 ) state can be constructed via the spin-1 polarization vector as
where the explicit structures of the ε in the initial hadron rest frame can be written as
The sum over polarization for a spin-1 system is defined as Θ
with
The sum over polarization for a spin-2 system is
The Taylor expansion of the amplitudes in powers of k µ is adopted in order to calculate the relativistic corrections to the form factors According to the Feynman diagrams calculation in Fig. 1 , the leading order (LO) results at O(α s v 0 ) of the form factors can be obtained. They are
where the heavy quark ratio z is defined as z = m c /m b , and the parameter y is related to the recoil momentum fraction with y = q 2 /m 2 b . Note that we adopt the vacuum-saturation approximation, the NRQCD LDMEs can be estimated as
On the other hand, the vacuum expectations of the production operators O H n can be estimated as 0|O
H|O n |H with the angular momentum J of heavy quarkonium. The wave function at the origin of the B c meson is defined as [32] 
The derivative of wave functions at the origin of Pwave charmonia are related to the nonperturbative matrix elements [3] 
(61)
In this section, we will calculate the relativistic corrections to the form factors. Since both the B c meson and the final charmonium are bound states composed of two heavy quarks, the relativistic corrections will include two parts: one from the corrections ordered by the charm quark relative velocity in the charmonium; the other from the corrections ordered by the heavy quark relative velocity in the B c meson.
In the following, we will define a half of the reduced heavy quark relative momentum as k = m 
For P -wave charmonium, we will define a half of the charm quark relative momentum as k = m c v /2 inside the charmonium, and the masses of the P -wave charmonium can be written as m hc m χc0 m χc1 m χc2 = 2 m 2 c − k 2 . Note that the mass corrections of the B c meson and the charmonium will contribute to the relativistic corrections of the form factors.
A. Calculation steps
For clarity, we will divide the relativistic corrections into two steps. Firstly, we define the new form factors which do not depend explicitly on the masses of the heavy quarkonium and the B c meson as follows [28] 
The above formulae can be directly employed for the h c and χ c1 . For the tensor χ c2 , the related formulae can be obtained by the replacements ε *
For the scalar χ c0 , the new form factors are defined as
The form factors in the Section II can be obtained according to the above form factors. For the h c and χ c1 , we have
The form factors of χ c2 in the Section II can be obtained through the above transformation plus a factor m Bc .
The form factors of χ c0 in the Section II can be expressed as
Thus, the relativistic corrections of the form factors in the Section II will be obtained by the two steps. The first step is to calculate the relativistic corrections from the new defined form factors which do not explicitly depend the B c meson and P -wave charmonium masses. The second step is to calculate the relativistic corrections from the meson masses in the transformation formulae in Eqs. (66-71) .
B. The direct relativistic corrections to the form factors of Bc into spin-singlet hc and spin-triplet χcJ
In this subsection, we will study the relativistic corrections contributions from the new defined form factors which do not explicitly depend the meson masses. Performing the Taylor expansion of the amplitudes in powers of k µ and extracting the quadratic terms in the series, one then obtain the relativistic corrections at the O(|k| 2 ) level.
Normally, one can obtain the short-distance coefficients of the NRQCD relativistic operator matrix elements after performing the relativistic corrections. To estimate the magnitude of the matrix elements of the relativistic corrections operators, the following estimation formula can be adopted
where |k| 2 can be also expressed by the heavy quark relative velocity and heavy quark mass.
Thus the contributions to the form factors of B c transitions into spin-singlet h c from the B c relativistic correction operators become
Next, we will study the relativistic corrections to the form factors of B c transitions into spin-triplet χ cJ . When one expands the amplitudes in powers of k µ , the relativistic corrections to the form factors at the O(|k| 2 ) level from the B c meson can be obtained.
We can get the estimations of the relativistic corrections of the form factors according to the above formula in Eq. 72, which can be also related to the LO form factors.
Using the estimation formula in Eq. 72, the results of relativistic corrections from the B c meson to the form factors of B c transitions into spin-triplet χ cJ can be written as 
Next, we will study the relativistic corrections contributions from the charm quark relative velocity inside the P -wave charmonium. Performing the Taylor expansion of the amplitudes in powers of k µ and extracting the quadratic terms in the series, one then obtain the relativistic corrections at the O(|k | 2 ) level.
The magnitudes of the matrix elements of the P -wave charmonium relativistic corrections operators are estimated as
Thus the contributions to the form factors of B c transitions into spin-singlet h c from the P -wave charmonium relativistic corrections operators become
The contributions to the form factors of B c transitions into spin-triplet χ cJ from the P -wave charmonium relativistic corrections operators become
C. The corrections from the masses of Bc meson and P -wave charmonium
Through the transformation formulae in Eqs. (66-71), one can easily get the relativistic corrections from the B c meson and P -wave charmonium masses. The relativistic corrections of the h c and χ c1 form factors from the B c meson mass are
here H only denotes h c or χ c1 .
The relativistic corrections of the χ c2 form factors from the B c meson mass are
The relativistic corrections of the χ c0 form factors from the B c meson mass are
The relativistic corrections of the P -wave charmonium form factors from the P -wave charmonium mass are
here H only denotes h c , χ c1 or χ c2 , and
For χ c0 , we have
D. The heavy bottom quark limit
Since z = m c /m b ≈ 0.3 is small, it is convenient to study the form factor in the heavy bottom quark limit. In the heavy bottom quark limit m b → ∞ and z = m c /m b → 0, one can obtain the relations among form factors. In this limit, the form factors at the maxi- The form factors of the Bc meson into P -wave charmonium at q 2 = 0 in different approaches. In NRQCD approach, the scale is set at the heavy quark mass m b , and we adopt m b = (4.7 ± 0.1)GeV and mc = (1.5 ± 0.1)GeV. The first column uncertainty is from the choice of m b , while the second column uncertainty is from the choice of mc. 
where H denotes one of the charmonia h c , χ c1 and χ c2 . From the above formulae, the form factors are not independent in the heavy quark limit and their relations become simple.
The form factors of χ c0 at the maximum recoil point in the heavy bottom quark limit become
where the last formulae is valid for all orders.
The relativistic corrections bring about the similar relations, which are in consistent with the predictions of the heavy quark effect theory [43] and the large energy effective theory [44] . In the heavy quark limit, the form factors can be expressed by several simple parameters. Some form factors become identical. The form factors considering the relativistic corrections become
and
IV. PHENOMENOLOGICAL DISCUSSIONS
We obtained the relativistic corrections to the form factors of B c into P -wave charmonium in the last section. Before employing the form factors, we first summarize and give the values of the form factors at the maximum recoil point. And then we will employ the form factors into the exclusive two-body decays B c → h c + π, B c → h c + K, B c → χ cJ + π, and B c → χ cJ + K.
The values of the related parameters are adopted as follows [45] m Bc = 6.276GeV, m hc = 3.525GeV, m χc0 = 3.415GeV, m χc1 = 3.511GeV, m χc2 = 3.556GeV, G F = 1.16637 × 10
The strong coupling constant is set at the Z-boson point with α s (m Z ) = 0.1185 where m Z = 91.1876GeV [45] , so one can run the coupling to other scales. In the paper, we will set the scale to the bottom quark mass, and we have α s (m b = 4.7GeV) = 0.218 at two-loop evolution with active flavor n f = 5. The Cabibbo-Kobayashi-Maskawa matrix-elements are set as |V ud | = 0.974, |V cb | = (40.5 ± 1.5) × 10 −3 and |V us | = 0.2248 [45] . The decay constants of the light mesons are set as f π = 130.4MeV and f K = 156.1MeV.
The heavy quark mass is adopted as m c = 1.5 ± 0.1GeV [46, 47] and m b = 4.7 ± 0.1GeV [48] . This choice of the heavy quark masses is from the nonrelativistic approximation, since the heavy quark relativistic velocity is small in the heavy quarkonium. For the ground state of the B c family, we have
. For heavy quarkonium, we have
To evaluate the contributions from the relativistic correction operators, one should estimate the magnitude of the quark relative momentum in the B c meson and P -wave charmonium. Employing k = m red v, we have |k| 2 = m The wave functions at the origin of heavy quarkonium and the B c meson have been evaluated in the QCDmotivated Buchmuller-Tye potential [49, 50] 
Inputting the values of the related parameters in the form factors, we obtained the LO and relativistic correction values of the form factors at the maximum recoil point with q 2 = 0, which have been given in Tab LFQM results plus an additional enhancement factor. Extrapolating the form factors to the minimum momentum recoil region where the strong interaction among gluons and quarks becomes nonperturbative, the pole model are generally adopted in many literatures [12, 20, 32] . Let us denote anyone of the form factors as F H (q 2 ). Thus the q 2 distribution of the form factor can be parametrized as
where the effective pole mass m pole is usually set to the value between the heavy quark mass and the initial hadron mass. The free parameter β is usually dependent on the certain transition channel.
Through the study of B In the following, we will employ the form factors into the exclusive B c two-body decays into a P -wave charmonium and a light meson such as π and K. In weak effective theory, the decay amplitudes of B + c → h c (χ c1 ) + π + can be factorized as [30] 
where O 0 is the color-singlet weak effective fourfermion operator, and O 8 is the color-octet weak effective four-fermion operator. C i (µ) is the corresponding Wilson coefficients. In contrast to the conventional four-fermion operators O 1,2 (µ), this operator basis is very convenient in the calculation.
Using the Fierz rearrangement relation
The relations among the operators O 0,8 (µ) and O 1,2 (µ) can be obtained by
Consequently, for the Wilson coefficients, we have
where the explicit expression can be found in Ref. [30] .
In Fig. 2 , the color-singlet operator contributes to the sub-figure (a) while the color-octet operator contributes to the sub-figure (b). Here we ignored the light meson mass for simplification. Through the numerical calculations, the color-octet operator contribution at leading order is small, which is around 5% of the color-singlet operator contribution. The color-singlet operator contributions dominate the decay amplitudes, which correspond to the factorizable diagrams. The color-singlet operator matrix element of B
Similarly, the color-singlet operator matrix element of B + c → χ c0 + π + can be written as
And, the color-singlet operator matrix element of B
The decay width can be written as
with the final charmonium momentum |p| = (m σ(B + ) can be extracted around (1.1 − 2.0) × 10 −3 , which is also useful to study the total cross section of B c meson at LHC [51] . Considering the current experiment environment and the possible decay events, the channels B 
V. CONCLUSION
We obtained the relativistic corrections to the form factors of B c into P -wave charmonium at the O(|k| 2 ) and O(|k | 2 )level, where k is a half of reduced heavy quark relative momentum inside the B c meson and k is a half of quark relative momentum inside the P -wave charmonium. The heavy quark relative momenta are small quantities compared with the heavy quark mass. The analytic expressions of the form factors are given in the paper, and we have studied the asymptotic behaviour of the form factors in the heavy bottom quark limit, i.e., m b → ∞. In this limit, the form factors are not independent and some of them become identical, which reduces the degree of freedom of the form factors.
The values of the form factors in the maximum momentum recoil point with q 2 = 0 are also given. In the weak effective theory, we obtained the decay amplitudes for the decay channels B c → h c +π, B c → h c +K, B c → χ cJ +π, and B c → χ cJ +K, where the factorizable diagrams dominate the contribution in the heavy bottom quark limit. Our results are consistent with the experimental observation. Using the LHCb data 
